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ON SUSLIN HOMOLOGY WITH INTEGRAL COEFFICIENTS IN
CHARACTERISTIC ZERO
Xiaowen Hu
Abstract
We show that the Suslin homology group with integral coefficients of a scheme X
separated of finite type over an algebraically closed field of characteristic 0 is a direct
sum of a uniquely divisible group, finite copies of Q/Z, and a finitely generated group.
We also study the possible type of homomorphisms between such groups induced by
the morphisms of schemes.
1 Introduction
In this paper we show that for a scheme X separated of finite type over an algebraically
closed field k of characteristic 0, the Suslin homology of X has the following structure
HSi (X) = Vi ⊕Di ⊕ Zi ⊕ Ti (1)
where Vi is a uniquely divisible group, Di is a divisible torsion group of the form (Q/Z)
s
where s is a nonnegative integer, Zi is a finite generated free abelian group, and Ti is a
finite abelian group. Moreover we study the possible types of homomorphisms between
such groups arisen from morphisms of schemes. For the precise statements are theorems
4.7 and 4.8.
For X smooth over k, where k is an algebraically closed field of arbitrary characteristic,
a decomposition of the form (1) with a slight modification on the p-primary part, is shown
in [Gei17], and in this case Zi = 0. In general for singular X, for example certain singular
curves, Zi is nonzero. It seems not easy to prove (1) by de´vissage from smooth schemes
(see remark 2.9). Our approach involves some transcendental constructions, which do not
work in positive characteristic (but see conjecture 5.2).
To facilitate our presentation, we introduce the notion of mild abelian groups, which
means the groups having a decomposition of the form (1), and certain lifting conditions
for the homomorphisms between these groups (definition 2.1, 2.4 and 2.5). Then we prove
several criteria for the mildness of abelian groups, and the conditions (M1) and (M2) for
homomorphisms.
The proof of the main theorem consists of two steps. In the first step, for an algebraically
closed subfield of C, we use a construction of Suslin and Voevodsky [SV96] to obtain a
morphism from the complex of algebraic singular chains to a simplicial abelian group related
to the infinite symmetric product
∐
i≥0 S
i(X(C)), then we apply one of our mildness criteria
2.14. Meanwhile we give a proof of a variant of a theorem of Dold and Thom [DT58], which
was stated in [SV96, theorem 8.2] without proof.
In the second step we use the Lefschetz principle and the criterion 2.11 on the mildness
of the colimit of a system of mild abelian groups to obtain the main theorem. For this we
need a rigidity theorem of Jannsen [Jan15] to show the rigidity of Suslin homology. The
original form of Jannsen’s theorem does not directly apply. But a careful reading of his
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proof yields a modification of his notion of rigid functor. Then we construct an ad hoc
bivariant homology theory so that we can apply Jannsen’s theorem.
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2 Mild abelian groups
In this section, after recalling some standard facts on abelian groups, we introduce the
notion of mild abelian groups, and prove several properties that we will need later. All
abelian groups are additively written, and thus for n ∈ Z and g an element of an abelian
group G, ng means the sum of n copies of g. We abbreviate the subscript or superscript Z
in HomZ(·, ·), Ext
1
Z(·, ·) and Tor
Z
1 (·, ·).
2.1 Definitions
Our reference on infinite abelian groups is [Rob96, Chap. 4].
Definition 2.1. Let G be an abelian group.
1. An element g of G is called divisible if for any positive integer n there exists h ∈ G
such that g = nh. The subgroup of all divisible elements of G is denoted by Gdiv.
2. An element g of G is called uniquely divisible if for any positive integer n there exists
a unique h ∈ G such that g = nh.
We refer the reader to [Rob96, 4.1.4, 4.1.5] for the following proposition.
Proposition 2.2. Let G be an abelian group. Then Gdiv is a direct summand of G. For
every prime number p, let G(p∞) be the subgroup consisting of p
m-torsion elements of Gdiv,
with m running over all positive integers. Then the uniquely divisible elements of G form a
subgroup Gud, which is isomorphic to a Q-vector space. There is a canonical decomposition
Gdiv = Gud ⊕
⊕
p
G(p∞),
where p is running over all prime numbers.
For an abelian group G, we denote the torsion subgroup of G by Gtor, and the subgroup
of all divisible torsion elements by Gtd, and the subgroup of all uniquely divisible elements
by Gud (this is a group by proposition 2.2 (2)). We have the following diagram
Gtor ∩Gdiv = Gtd _

  // Gtor _

Gdiv
  // G
(2)
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Definition 2.3. Let G be an abelian group. We say that G is called mild, if G has a direct
sum decomposition as follows:
G ∼= V (G) ⊕D(G)⊕ Z(G)⊕ T (G),
where
(i) V is uniquely divisible;
(ii) D(G) is isomorphic to a divisible torsion group of the form (Q/Z)⊕s, where s is a
non-negative integer;
(iii) Z(G) is a finite generated free abelian group;
(iv) T (G) is a finite abelian group.
For a mild abelian group G, we denote the number s in the condition (ii) by s(G), and the
rank of Z(G) by r(G).
The decompositions in the above definition, when exists, is of course not canonical. But
there are canonical filtrations as indicated in the diagram (2).
Since we have an exact sequence
0→ Hom(Q,Q)→ Hom(Q,Q/Z)→ Ext1(Q,Z)→ 0,
in general a homomorphism Q → Q/Z cannot lift to a homomorphism Q → Q. Similarly,
for two primes p, q,
Hom(Qp/Zp,Qq/Zq) = δp,qZp,
thus a homomorphism Q/Z → Q/Z in general does not lift to a homomorphism Q → Q.
From certain geometric reasons, we introduce some liftable conditions for the homomor-
phisms between mild abelian groups.
Definition 2.4. Let G1, G2 be mild abelian groups, f : G1 → G2 a homomorphism. We
say that f satisfies the condition (M1), if there is a Q-vector space Wi of rank s(Gi), a full
rank Z-lattice Γi of Vi, and an isomorphism hi : Wi/Γi
∼
−→ (Gi)td, for i = 1, 2, such that
there exists a commutative diagram
V (G1)⊕W1
(idV (G1),p1)

f˜ // V (G2)⊕W2
(idV (G2),p2)

(G1)div
f // (G2)div,
(3)
where pi is the map Wi ։ Wi/Γi
hi−→ (Gi)td, for i = 1, 2, and f˜ is a homomorphism of
abelian groups (equivalently, a homomorphism of Q-vector spaces).
Definition 2.5. Let G be a mild abelian groups, f : G → G an endomorphism. We say
that f satisfies the condition (M2), if there is a Q-vector space W of rank s(G), a full
3
rank Z-lattice Γ of W , and an isomorphism h : W/Γ
∼
−→ (G)td, such that there exists a
commutative diagram
V (G)⊕W
(idV (G),p)

f˜ // V (G)⊕W
(idV (G),p)

(G)div
f // (G)div,
(4)
where p is the map W ։ W/Γ
h
−→ (G)td, and f˜ is an endomorphism of abelian groups
(equivalently, a homomorphism of Q-vector spaces).
Let G be a mild abelian group with V (G) = Z(G) = T (G) = 0, thus End(G) ∼=∏
p∈PGLs(G)(Zp), where P is the set of prime numbers. Then an endomorphism f of G can
be identified to (fp)p∈P where fp ∈ GLs(G)(Zp). In this case the following lemma relates
the condition (M2) to a certain ℓ-independence property.
Lemma 2.6. The endomorphism f satisfies (M2) if and only if there exists a matrix
M ∈ GLs(G)(Z), such that fp is similar to M in GLs(G)(Zp), for every prime p.
2.2 Some criteria for mildness
The following lemma follows immediately from the definition.
Lemma 2.7. (i) Let A be a mild abelian group, B a divisible torsion mild abelian group,
f : A→ B an injective homomorphism. Then coker(f) is mild.
(ii) Let A be a mild abelian group, B a uniquely divisible abelian group, f : A → B an
injective homomorphism. Then coker(f) is mild.
(iii) G is mild if and only if, G/Gdiv is finitely generated and there exists an integer s
such that the number of the n-torsion elements of Gdiv is equal to ns for any positive
integer n.
Proposition 2.8. (i) If A is mild and B is mild with s(B) = 0, and f : A → B a
homomorphism, then ker(f) is mild.
(ii) If there is a short exact sequence of abelian groups
0→ A→ B → C → 0,
and A,B are mild, then C is mild, and
r(C) ≤ r(B) ≤ r(A) + r(C),
s(A) ≤ s(B) ≤ s(A) + s(C), (5)
r(A) + r(C)− r(B) = s(A) + s(C)− s(B).
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Proof: (i) Since s(B) = 0, Atd maps to zero, and since it is an injective abelian group,
we have ker(f) = Atd ⊕ ker(f1), where f1 : A/Atd → B. Thus we can assume that Atd = 0.
Then Adiv is uniquely divisible, and we have a commutative diagram with exact rows
0 // Adiv //

A //

A/Adiv //

0
0 // Bdiv // B // B/Bdiv // 0
which induces an exact sequence
0→ C0 → ker(f)→ C1
where C0 = ker(Adiv → Bdiv), and C1 = ker(A/Adiv → B/Bdiv). But C0 is the kernel of a
map of Q-vector space so is uniquely divisible, and C1 is a finitely generated abelian group,
so C2 = Im(ker(f)→ C1) is also finitely generated. Hence ker(f) = C0 ⊕ C2 is mild.
(ii) A homomorphism f : A→ B maps Atd into Btd, so we have a commutative diagram
with exact rows
0 // Atd //

A //

A/Atd //

0
0 // Btd // B // B/Btd // 0
which induces an exact sequence
0→ C0 → C1 → C → C2 → 0,
where C0 = ker(A/Atd → B/Btd), C1 = coker(Atd → Btd), and C2 = coker(A/Atd →
B/Btd). Then C1/C0 is a divisible torsion group, so C ∼= (C1/C0)⊕ C2. By (i) C0 is mild,
so by lemma 2.7 C1/C0 is mild. It suffices to show that C2 is mild. So in the beginning we
can assume that Atd = Btd = 0. Then Adiv and Bdiv are uniquely divisible, and we have a
commutative diagram with exact rows
0 // Adiv //

A //

A/Adiv //

0
0 // Bdiv // B // B/Bdiv // 0
which induces an exact sequence
0→ C0 → C1 → C → C2 → 0,
where C0 = ker(A/Adiv → B/Bdiv), C1 = coker(Adiv → Bdiv), and C2 = coker(A/Adiv →
B/Bdiv). Then C1/C0 is divisible, and thus C ∼= (C1/C0)⊕C2. But C0 and C2 are finitely
generated abelian groups. By lemma 2.7 (ii) C1/C0 is mild. So C is mild. The inequalities
and equalities (2.8) also follows.
Remark 2.9. Mildness do not preserve under extensions. For example,
∏
p Zp/Z is uniquely
divisible, while
∏
p Zp is not mild. This prohibits some de´vissage attempts to show the
mildness of certain (co)homology groups.
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In general, the image of a homomorphism of mild abelian groups is not mild. But we
have:
Proposition 2.10. Let G1, G2 be mild abelian groups, and f : G1 → G2 a homomorphism
satisfying the condition (M1). Then the image of f is mild.
Proof: Since f maps (G1)div into (G2)div, it induces a map f¯ : G1/(G1)div → G2/(G2)div.
Moreover, f((G1)div) is divisible, so we have a decomposition Im(f) = f((G1)div)⊕ Im(f¯).
Since Im(f¯) is a finitely generated abelian group, it reduces to consider the case G2 is di-
visible and mild. Now we use the notations in the definition 2.4. We denote the image of f˜
by U . The intersection U ∩ Γ2 is a lattice in U , not of full rank in general, and we denote
it by Γ. Denote by U0 the Q-subspace of U spanned by Γ. Then Im(f) ∼= U/U0 ⊕ U0/Γ,
which is mild.
2.2.1 Colimits of mild abelian groups
Proposition 2.11. Let (Gi)i∈I be a filtered system of mild abelian groups, satisfying for
the homomorphism ϕν : Gi → Gj corresponding to any arrow ν in I, and any integer n,
the induced homomorphisms
ϕν [n] : Gi[n]→ Gj [n], ϕν/n : Gi/n→ Gj/n (6)
are isomorphisms. Then the colimit G = lim−→i∈I Gi is mild, and for any i ∈ I there are
canonical isomorphisms
(Gi)td
∼
−→ Gtd, (Gi)tor
∼
−→ Gtor, Z(Gi)
∼
−→ Z(G) (7)
and a (non-canonical) isomorphism
Gi/(Gi)ud
∼
−→ G/Gud. (8)
Here for the notion of a filtered system, we mean [SGA4, I, definition 2.7]. The conclusion
is not valid for non-filtered colimits in general.
Proof: A homomorphism ϕ : Gi → Gj in this system maps (Gi)td into (Gi)td. Since
filtered colimits preserve exactness, we have a short exact sequence
0→ lim−→
I
(
(Gi)td
)
→ lim−→
I
Gi → lim−→
I
(
Gi/(Gi)td
)
→ 0, (9)
Since any homomorphism ϕ in the system induce isomorphisms Gi[n]
∼
−→ Gj [n], all the
arrows in the system
(
(Gi)td
)
i∈I
are isomorphisms, so we have canonical isomorphisms
(Gi)td
∼
−→ lim−→
I
(Gi)td.
Therefore lim
−→I
(Gi)td is divisible, and is thus an injective abelian group. Hence the sequence
(9) splits.
Now for any i ∈ I, the divisible subgroup of Gi/(Gi)td is isomorphic to Gud, and the
homomorphism Gi/(Gi)td → Gj/(Gj)td induced by ϕ maps the divisible subgroup of the
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former into the divisible subgroup of the latter. Since filtered colimits preserve exactness,
we have a short exact sequence
0→ lim−→
I
(
(Gi)ud
)
→ lim−→
I
(
Gi/(Gi)td
)
→ lim−→
I
(
Gi/(Gi)div
)
→ 0. (10)
The group lim
−→I
(
(Gi)ud
)
is still uniquely divisible, and is injective. So (10) splits.
Finally, the torsion subgroup of Gi/(Gi)div is isomorphic to Ti = (Gi)tor/(Gi)td, the
finite torsion part of Gi, and the homomorphism Gi/(Gi)div → Gj/(Gj)div induced by ϕ
maps the torsion subgroup of the former into the torsion subgroup of the latter. Since
filtered colimits preserve exactness, we have a short exact sequence
0→ lim
−→
I
Ti → lim−→
I
(
Gi/(Gi)div
)
→ lim
−→
I
Zi → 0, (11)
where Zi = Gi/((Gi)div+(Gi)tor). By the condition (6), each homomorphism in the system
(Ti)i∈I and the system (Zi)i∈I is an isomorphism. So Ti ∼= lim−→I
Ti and Zi ∼= lim−→I
Zi. In
particular lim
−→I
Zi is free of finite rank, and (11) splits. So we obtain a (non-canonical)
decomposition
lim
−→
I
Gi ∼= V ⊕ Zi ⊕Di ⊕ Ti,
where Di ∼= (Gi)td is a canonical isomorphism, and V is a uniquely divisible group.
Proposition 2.12. Let (Gi)i∈I and (Hi)i∈I be two filtered systems of mild abelian groups,
and (fi : Gi → Hi)i∈I a system of homomorphisms, satisfying
(a) for the homomorphism ϕν : Gi → Gj corresponding to any arrow ν in I, and any
integer n, the induced homomorphisms
ϕν [n] : Gi[n]→ Gj [n], ϕν/n : Gi/n→ Gj/n (12)
are isomorphisms, and ϕν maps torsion free elements to torsion free elements;
(b) for the homomorphism ψν : Hi → Hj corresponding to any arrow ν in I, and any
integer n, the induced homomorphisms
ψν [n] : Hi[n]→ Hj[n], ψν/n : Hi/n→ Hj/n (13)
are isomorphisms, and ψν maps torsion free elements to torsion free elements;
(c) for any object i of I, the homomorphism fi : Gi → Hi satisfies (M1).
Then the colimits G = lim
−→i∈I
Gi and H = lim−→i∈I
Hi are mild, and the induced homomor-
phism f : G→ H satisfies (M1).
Proof: By 2.11, G and H are mild abelian groups, and there are canonical isomorphisms
D(Gi)
∼
−→ D(G) and D(Hi)
∼
−→ D(H). Thus we can identify D(Gi) to D(G), and D(Hi)
to D(H), for every i ∈ I. Suppose s = s(D(G)), t = s(D(H)). Since for all arrows ν
in I, ϕν and ψν map torsion free elements to torsion free elements, there are canonical
decompositions
G ∼= D(G) ⊕ lim−→
i∈I
V (Gi), H ∼= D(H)⊕ lim−→
i∈I
V (Hi).
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So there is a Q-vector space Wi of rank s, a full rank lattice Γi in Wi, and an isomorphism
gi : Wi/Γi ∼= D(G), and a Q-vector space Ui of rank t, a full rank lattice Λi in Wi, and an
isomorphism hi : Ui/Λi ∼= D(H), and moreover a commutative diagram
V (Gi)⊕Wi
(idV (Gi),pi)

f˜i // V (Hi)⊕ Ui
(idV (Hi),qi)

(Gi)div
fi // (Hi)div,
where pi is the compositionWi ։ Wi/Γi
gi−→ D(G), and qi is the composition Ui ։ Ui/Λi
hi−→
D(H). By proposition 2.10, the image of the composition
V (Gi) →֒ (Gi)div
fi−→ (Hi)div ։ D(Hi) = D(H) (14)
is a divisible torsion mild abelian subgroup of D(H). But an ascending chain of divisible
torsion mild abelian subgroups of D(H) stabilizes, so the image of the induced map D(G)→
D(H) is a divisible torsion mild abelian subgroup of D(H). We denote this image by D,
and denote s(D) by t∞. Since the system I is filtered, to show that f satisfies (M1), we can
consider only the cofinal sub-system J of I such that for i ∈ J the image of the composition
(14) is equal to D. Note that J is still filtered. For i ∈ J , we set Yi = q
−1
i (D), thus
φi := f˜i|V (Gi) : V (Gi) → Yi is surjective. For any i, j ∈ J , and an arrow ν : i → j in J ,
there is a commutative diagram
V (Gi)

φi // Yi // D
V (Gj)
φj // Yj
??
 
 
 
 
 
 
 
 
.
(15)
Taking a basis e1, ..., et∞ of Yi, and choosing their arbitrary preimages under φi, one can
find a map ην : Yi → Yj completing the above diagram. Since Yi and Yj are both of rank
t∞, and map surjectively onto D, ην is surjective and is thus an isomorphism of Q-vector
spaces. Moreover, there is an exact sequence
0→ Hom(Yi,Λi ∩ Yj)→ Hom(Yi, Yj)→ Hom(Yi,D).
Since Hom(Yi,Λi ∩Yj) = 0, the homomorphism ην is unique. Therefore there is a canonical
isomorphism ην : Yi
∼
−→ Yj induced by the arrow ν in J . Since J is filtered, there is a
canonical isomorphism Yi ∼= Yj for any i, j ∈ J . Now fix i0 ∈ J . Then for any i ∈ J , the
map (14) factors through Yi0 ։ D, compatibly with the transition maps V (Gi) → V (Gj).
So there is a homomorphism lim−→i∈J V (Gi)→ Yi0 making the following diagram commutes:
lim−→i∈J V (Gi)
// Yi0

  // Ui0

V (Gi)
OO
// D 
 // D(H).
We take W =Wi0 , U = Ui0 , there thus exists a commutative diagram
lim
−→i∈J
V (Gi)⊕W //

lim
−→i∈J
V (Hi)⊕ U

Gdiv // Hdiv
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satisfying definition 2.4.
Proposition 2.13. Let (Gi)i∈I be a filtered systems of mild abelian groups, and (fi : Gi →
Gi)i∈I a system of endomorphisms, satisfying
(a) for the homomorphism ϕν : Gi → Gj corresponding to any arrow ν in I, and any
integer n, the induced homomorphisms
ϕν [n] : Gi[n]→ Gj [n], ϕν/n : Gi/n→ Gj/n (16)
are isomorphisms, and ϕν maps torsion free elements to torsion free elements;
(b) for any object i of I, the endomorphism fi : Gi → Gi satisfies (M2).
Then the colimit G = lim
−→i∈I
Gi is mild, and the induced endomorphism f : G→ G satisfies
(M2).
Proof: The proof is similar to that of proposition 14. We omit it.
2.2.2 Mildness via quasi-isomorphisms after tensoring Z/n
Let K• be a chain complex of free abelian groups, i.e., we have a family of free abelian
groups {Ki}i∈Z and group homomorphisms d : Ki → Ki−1 such that d
2 = 0. For every
abelian group A, by the universal coefficient theorem, there are (non-canonically) split exact
sequences
0→ Hi(K•)⊗A→ Hi(K• ⊗A)→ Tor1(Hi−1(K•), A)→ 0 (17)
and
0→ Ext1(Hi−1(K•), A)→ H
i(Hom(K•, A))→ Hom(Hi(K•), A)→ 0. (18)
Proposition 2.14. Let K• and L• be two chain complexes of free abelian groups, and
φ : K• → L• a homomorphism of chain complexes. Suppose that φ ⊗ Z/n are quasi-
isomorphisms for every n ∈ Z, and Hi(L•) are mild abelian groups for all i. Then for any
i ∈ Z, Hi(K•) is a mild abelian group, and
s(Hi−1(K•)) + r(Hi(K•)) = s(Hi−1(L•)) + r(Hi(L•)). (19)
Moreover, we have canonical isomorphsims
T (Hi(K•)) ∼= T (Hi(L•)). (20)
Proof: Let C(ϕ) be the cone of ϕ. Then C(ϕ) is also a complex of free abelian groups,
and C(ϕ)⊗ Z/n is the cone of ϕ⊗ Z/n for every n ∈ Z. One has a long exact sequence
· · · → Hi(K• ⊗ Z/n)→ Hi(L• ⊗ Z/n)→ Hi(C(ϕ)⊗ Z/n)→
Hi−1(K• ⊗ Z/n)→ Hi−1(L• ⊗ Z/n)→ · · ·
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So Hi(C(ϕ)⊗Z/n) = 0, which by universal coefficient theorem (17) implies that Hi(C(ϕ))
is uniquely divisible. Thus the image of Hi+1(C(ϕ)) in Hi(K•) is divisible, and
Hi(K•)/Im(Hi+1(C(ϕ)))
maps injectively into Hi(L•). Since Hi(C(φ)) is uniquely divisible and Hi(L•) is mild, by
proposition 2.8 (i) Hi(K•)/Im(Hi+1(C(ϕ))) is mild. Since Im(Hi+1(C(ϕ))) is an injective
abelian group, one has
Hi(K•) = Im(Hi+1(C(ϕ))) ⊕Hi(K•)/Im(Hi+1(C(ϕ))).
By (17) and lemma 2.7 (iii) one easily sees that Hi(K•) is mild.
Proposition 2.15. Let K•, L•, K
′
•, L
′
• be chain complexes of free abelian groups, and
K•
φ //
κ

L•
λ

K ′•
φ′ // L′•
(21)
be a commutative diagram of morphisms of complexes. Suppose that φ⊗ Z/n and φ′ ⊗Z/n
are quasi-isomorphisms for every n ∈ Z, and Hi(L•) and Hi(L
′
•) are finitely generated
abelian groups for all i. Then for any i ∈ Z, Hi(K•) and Hi(K
′
•) are mild abelian groups,
and the induced homomorphism Hi(κ) : Hi(K•)→ Hi(K
′
•) satisfies the condition (M1).
Proof: The first statement is shown in proposition 2.14. For the second statement,
consider the cone of φ and φ′. We have a commutative diagram
Hi+1(L•)
Hi+1(λ)

θi+1 // Hi+1(C(ϕ))

τi+1 // Hi(K•) //
Hi(κ)

Hi(L•)
Hi(λ)

Hi+1(L
′
•)
θ′i+1 // Hi+1(C(ϕ
′))
τ ′i+1 // Hi(K
′
•) // Hi(L
′
•)
(22)
and by the proof of proposition 2.14, Hi+1(C(ϕ)) and Hi+1(C(ϕ
′)) are uniquely divisible.
By our assumption Hi(L•) and Hi(L
′
•) are finitely generated, thus τi+1 maps Hi+1(C(ϕ))
onto Hi(K•)div, (resp., τ
′
i+1 maps Hi+1(C(ϕ
′)) onto Hi(K
′
•)div), and the image of θi+1 (resp.
the image of θ′i+1) is a lattice in Hi+1(C(ϕ)) (a lattice in Hi+1(C(ϕ
′))). Thus by definition
Hi(κ) satisfies the condition (M1).
Proposition 2.16. Let K•, L• be chain complexes of free abelian groups, and
K•
φ //
κ

L•
λ

K•
φ // L•
(23)
be a commutative diagram of morphisms of complexes. Suppose that φ ⊗ Z/n are quasi-
isomorphisms for every n ∈ Z, and Hi(L•) are finitely generated abelian groups for all
i. Then for any i ∈ Z, Hi(K•) is a mild abelian groups, and the induced endomorphism
Hi(κ) : Hi(K•)→ Hi(K•) satisfies the condition (M2).
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Proof: The proof is similar to the proof of 2.15, and we omit it.
Remark 2.17. If one reverses the direction of the homomorphism φ, the conclusion (i) is
not true. For example, the diagonal homomorphism ∆ : Z → Ẑ =
∏
p Zp becomes an
isomorphism after tensoring Z/m for any integer m. Let
0→ N →M →
∏
p
Zp → 0
be a short exact sequence of abelian groups with M and N free, and f : Z→M be a lifting
of ∆. Then the morphism of complexes of free abelian groups
· · · // 0 //

· · · // 0

// Z //
f

0 //

· · ·
· · · // 0 // · · · // N //M // 0 // · · ·
becomes a quasi-isomorphism after tensoring Z/m for any integer m. But
∏
p Zp is not mild.
To apply theorem 2.14 we need the following corollary 2.19.
Lemma 2.18. Let ϕ : M → N be a Z/n-homomorphism between two Z/n-modules. If
ϕ∨ : N∨ →M∨ is an isomorphism, then so is ϕ.
Proof : First we show φ is injective. Since ϕ∨∨ : M∨∨ → N∨∨ is an isomorphism, we
need only show that the natural homomorphismM →M∨∨ is injective, then the injectivity
of ϕ follows from the commutative diagram
M

//M∨∨

N // N∨∨.
As an abelian group, M is finitely generated, so by Baer-Pru¨fer theorem [Rob96, 4.3.5]
it is a direct sum of cyclic groups of the form Z/n1 where n1 is a factor of n. Thus for
every nonzero element x of M , there is a nonzero homomorphism α : M → Z/n such that
α(x) 6= 0. This means M →M∨∨ is injective.
Next we show ϕ is surjective. Let L be the cokernel of ϕ. Since Z/n is an injective
Z/n-module, we have an exact sequence
0→ L∨ → N∨ →M∨.
So L∨ = 0, thus L∨∨ = 0. But we have shown that L→ L∨∨ is an injective homomorphism,
so L = 0.
Corollary 2.19. Let K• and L• be two chain complexes of free abelian groups, and Φ :
K• → L• a homomorphism of chain complexes. Let n be an integer. Suppose that the
induced homomorphism Hom•(L•,Z/n) → Hom
•(K•,Z/n) is a quasi-isomorphism. Then
Φ⊗ Z/n : K• ⊗ Z/n→ L• ⊗ Z/n is also a quasi-isomorphism.
11
Proof : For an abelian group A, there is a natural isomorphism HomZ(A,Z/n) ∼=
HomZ/n(A⊗ Z/n,Z/n). Thus Hom
•(L•,Z/n)→ Hom
•(K•,Z/n) is the dual of Φ⊗ Z/n as
complexes of Z/n-modules. Then by the universal coefficient theorem (18) and the fact that
Z/n is an injective Z/n-module, we have a commutative diagram of natural isomorphisms
H i(Hom(L•,Z/n))
∼=

∼= // Hi(L• ⊗ Z/n)
∨
∼=

H i(Hom(K•,Z/n))
∼= // Hi(K• ⊗ Z/n)
∨.
Then the conclusion follows from proposition 2.18.
3 Mildness of Suslin homology over an algebraically closed subfield of C
3.1 Presheaves of relative zero cycles and Suslin homology
For a field k, we introduce several category of schemes over k:
(i) Sch/k is the category of noetherian schemes separated over k;
(ii) Nor/k is the full subcategory of Sch/k consisting of normal noetherian schemes
separated over k;
(iii) Schft/k is the full subcategory of Sch/k consisting of schemes separated and of finite
type over k;
(iv) Norft/k is the full subcategory of Schft/k consisting of normal noetherian schemes
separated and of finite type over k.
We call ∆ik := Spec(k[t0, · · · , ti]/(t0 + · · · + ti − 1)) the algebraic i-simplex over k. When
the base field k is obvious in the context, we omit the subscript and denote the i-th simplex
by ∆i. For X ∈ ob(Sch/k), denote by Ci(X) the abelian group freely generated by the
closed integral subschemes of ∆i ×X which are surjective and finite over ∆i, and Ceffi (X)
the abelian sub-monoid of Ci(X) consisting of the effective cycles. More generally, for any
U ∈ Nor/k, denote zc0(X)(U) to be the abelian group freely generated by the integral
subschemes of U ×X which are finite and surjective on a component of U .
Definition 3.1. The algebraic singular homology of X, or the Suslin homology of X, is
defined to be the homotopy group of the simplicial abelian group C•(X), i.e.,
HSi (X) := πi(C•(X)).
For a simplicial abelian group C•, denote by K(C•) the associated complex of abelian
groups. Then for an abelian group A, the Suslin homology of X with coefficients in A is
Hi(K(C•(X))⊗A). The Suslin cohomology of X is defined as
H iS(X,A) := H
i
(
Hom(K(C•(X)), A)
)
.
Recall that a morphism of schemes is called a qfh covering if it is a universal topological
epimorphism and is quasi-finite. In particular, finite surjective morphisms and e´tale surjec-
tive morphisms of finite type are qfh coverings. For more on this notion, see [SV96, section
10], [SV00, section 4] and [Voe96]. To get a better understanding of Suslin homology, and
for later use, let us recall several presheaves of cycles on Sch/k or Schft/k:
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(i) Restricting to Norft/k, z
c
0(X) is a qfh-sheaf, and extends to a qfh-sheaf on Schft/k
([SV96, section 6]);
(ii) Z(X) is the presheaf on Sch/k or Schft/k, such that Z(X)(U) is the abelian group
freely generated by the k-morphisms from U to X. Z(X)qfh is the qfh-sheafification
of Z(X);
(iii) the presheaf cequi(X, 0) on Sch/k is introduced in [SV00, section 3].
These (pre-)sheaves have the following properties.
Proposition 3.2. (i) There is a natural isomorphism of qfh-sheaves zc0(X)
∼= Z[1p ](X)qfh
on Schft/k, where p = char(k).
(ii) For regular schemes U ∈ Sch/k, cequi(X, 0)(U) ∼= z
c
0(X)(U).
(iii) The qfh-sheafification of cequi(X, 0) is canonically isomorphic to Z(X)qfh.
In fact, (i) is [SV96, theorem 6.7], (ii) is [SV00, corollary 3.4.6], and (iii) is [SV00,
theorem 4.2.12].
Let X ∈ Sch/k satisfying that any finite subset of X is contained in an affine open
subset, for example quasiprojective schemes over k. Thus the j-th symmetric product
Sj(X) exists as a scheme. By [SV96, theorem 6.8], for any normal connected scheme S in
Sch/k, there is a natural isomorphism
Hom(S,
∞∐
j=0
Sj(X))[
1
p
] ∼= zc0(X)
eff (S), (24)
where p = char(k). In the following of this subsection we generalize this result to all
X ∈ Sch/k.
Definition 3.3. Let S be a scheme. Denote by Es/S the category of algebraic spaces
separated and of finite type over S. A representable morphism f : X → Y in Es/S is
called a qfh covering if for an e´tale covering U → Y by a scheme U of finite type over
S, fU : X ×Y U → U is qfh. More generally, a morphism f : X → Y in Es/S is called
a qfh covering if for an e´tale covering g : V → X by a scheme V of finite type over S,
f ◦ g : V → Y is qfh. The independence of the choices of U and V is obvious.
Lemma 3.4. Let S be a scheme and F a qfh-sheaf over Sch/S. For every S-algebraic
space X, choosing an e´tale cover U → X where U is an S-scheme, put
F (X) = ker(F (U) ⇒ F (U ×X U)).
Then F becomes a qfh-sheaf over Es/S.
Proof: We omit the standard proof; the only fact we need is that e´tale coverings in
Sch/S and Es/S are qfh coverings.
Lemma 3.5. Let S be a locally noetherian scheme. For any scheme X separated and locally
of finite type over S, the quotient stack
S
d(X/S) = X ×S X ×S · · · ×S X︸ ︷︷ ︸
d-factors of X
/Sd
has a coarse moduli, which is a algebraic space separated and locally of finite type over S,
and we denote it by Sd(X/S). It has the following properties:
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(i) If X is finite and surjective over S, Sd(X/S) is a scheme and coincides with the
construction of [SV96, p. 81].
(ii) Sd(X/S) is covariant in X, i.e., for an S-morphism of two separated S-schemes X →
Y , there is an naturally associated morphism of algebraic spaces Sd(X/S)→ Sd(Y/S).
(iii) The formation of Sd(X/S) commutes with flat base changes, i.e., Sd(X ×S T/T ) is
naturally isomorphic to Sd(X/S)×S T if T → S is a flat morphism.
Proof: By the assumptions on X and S, the algebraic stack S d(X/S) is locally of finite
presentation with finite diagonal over S. So the existence of the coarse moduli and the
properties (ii)-(iii) follows from the Keel-Mori theorem, see e.g. [Ols16, theorem 11.1.2]. In
the case of (i), the coarse moduli coincides with the categorical quotient Sd(X/S).
For X ∈ Sch/k, we denote the i-th symmetric product of X by Si(X), which is an
algebraic space by lemma 3.5.
Proposition 3.6. Suppose char(k) = p. Let X be separated scheme of finite type over k.
Then for any S ∈ Nor/k, there is a natural isomorphism
Hom(S,
∞∐
j=0
Sj(X))[
1
p
] ∼= zc0(X)
eff (S). (25)
In particular, there is a natural isomorphism
Hom(∆i,
∞∐
j=0
Sj(X))[
1
p
] ∼= Ceffi (X). (26)
Proof: Using lemma 3.4 and 3.5 one can check that the proof of loc. cit. (see [SV96, p.
81 line 10 to p. 82, the proof of theorem 6.8]) still works.
3.2 On the Dold-Thom theorem
The goal of this subsection is to supply a proof for [SV96, theorem 8.2](=corollary 3.14),
which was stated without proof as a variant of Dold-Thom theorem [DT58]. We begin by
recalling some definitions and notations of loc. cit.
Definition 3.7. Let (X, x0) be a pointed topological space, i.e. a topological space X with a
distinguished point x0 ∈ X. Denote the symmetric product of (X, x0) by S
i(X, x0), for i ≥ 0,
which is still pointed (S0(X, x0) is the single point space {x0}). There are natural inclusions
Si(X, x0) →֒ S
i+1(X, x0), (x1, ..., xi) 7→ (x0, x1, ..., xi). (27)
The colimit lim
−→i
Si(X, x0) is denoted by SP(X, x0), which is a topological abelian monoid in
an obvious way.
Definition 3.8. Let (X, x0) be a pointed topological space. Denote by τ the map X∨X→
X ∨ X which exchange the two copies of X. We introduce a relation
x ∼ x+ x′ + τ(x′).
Then we denote the quotient space SP(X∨X, x0)/ ∼ by AG(X, x0), which is a commutative
topological group, with the identity element x0. Denote the two canonical embeddings
SP(X, x0) →֒ SP(X ∨ X, x0)/ ∼= AG(X, x0) by ι1 and ι2.
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Recall the following theorem of Dold and Thom [DT58, Satz 6.10].
Theorem 3.9. Suppose q > 0.
(i) Let (X, x0) be a pointed connected CW-complex. Then there are natural isomorphisms
Hq(X,Z)
∼
−→ πq(SP(X, x0)). (28)
(ii) Let (X, x0) be a pointed countable connected simplicial complex. Then there are natural
isomorphisms
Hq(X,Z)
∼
−→ πq(AG(X, x0)). (29)
We denote by ∆i the topological i-simplex, and by Sin(X) the simplicial set Hom(∆•,X)
of continuous maps of simplices to a topological space X.
Definition 3.10. Let (X, x0) be a pointed topological space. The projection
∐∞
j=0 S
j(X)→
SP(X, x0) induces a map of simplicial abelian monoids
Υ : Sin
( ∞∐
j=0
Sj(X)
)
→ Sin
(
SP(X, x0)
)
which extends to a map of simplicial abelian groups
Υ+ : Sin
( ∞∐
j=0
Sj(X)
)+
→ Sin
(
SP(X, x0)
)+
.
We have a commutative diagram of simplical monoids and simplical abelian groups
Sin
(∐∞
j=0 S
j(X)
)
Υ

// Sin
(∐∞
j=0 S
j(X)
)+
Υ+

Sin
(
SP(X, x0)
) Θ // Sin(SP(X, x0))+ Ξ // Sin(AG(X, x0)).
By [May67, 1.5, 17.1], all the above simplicial sets are Kan complexes.
Proposition 3.11. Let G be a path connected topological abelian monoid with unit element
e. Then the natural maps of homotopy groups
πn(Sin(G, e))→ πn(Sin(G, e)
+)
induced by the map from the simplical monoid Sin(G, e) to its simplicial group completion
Sin(G, e)+, are surjective for n ≥ 0.
Proof: Suppose α ∈ Sinn(G, e)
+ such that ∂iα = 0 for 0 ≤ i ≤ n. There are continuous
maps β : ∆n → G and γ : ∆n → G such that α = [β] − [γ], thus ∂iβ = ∂iγ as maps
∆
n−1 → G. We need to show that there is a map σ : ∆n → G such that ∂iσ equals the
constant map ∆n−1 → e for 0 ≤ i ≤ n, and σ is homotopic to β − γ in Sin(G, e)+. For
convenience we write β and γ as maps from the n-cube [0, 1]n to G. It is clear that there
are maps
β′ : [0, 1]n → G
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and
γ′ : [0, 1]n → G
such that β − γ is boundary-preserving homotopic to β′ − γ′ in Sin(G, e)+ and
β′|[0,1]n−1×(1,0) = γ
′
[0,1]n−1×(1,0) : [0, 1]
n−1 → G, (30)
and
β′|∂([0,1]n)\[0,1]n−1×(1,0) = γ
′|∂([0,1]n)\[0,1]n−1×(1,0) = x0
where x0 is a point in G that lies in the image of (30). Since G is path connected, choosing a
path from x0 to e we can find β
′′ and γ′′ such that β′′−γ′′ is boundary-preserving homotopic
to β′ − γ′ in Sin(G, e)+, β′′ and γ′′ satisfy (30), and
β′′|∂([0,1]n)\[0,1]n−1×(1,0) = γ
′′|∂([0,1]n)\[0,1]n−1×(1,0) = e.
So without loss of generality we assume x0 = e and still consider β
′ and γ′. We denote the
map (30) by τ : [0, 1]n−1 → G. Writing a point of [0, 1]n as (x, y), where x ∈ [0, 1]n−1 and
y ∈ [0, 1], we set
σ(x, y) =
{
β′(x, 2y), 0 ≤ y ≤ 12 ,
γ′(x, 2 − 2y), 12 ≤ y ≤ 1.
(31)
Then σ|∂[0,1]n = e. It suffices to show that σ − (β
′ − γ′) is homotopic to 0 in Sin(G, e)+. It
is clear that γ′ is boundary-preserving homotopic to the map
γ′′′(x, y) =
{
e, 0 ≤ y ≤ 34 ,
γ′(x, 4y − 3), 34 ≤ y ≤ 1,
(32)
and σ is boundary-preserving homotopic to the map
σ′(x, y) =

β′(x, 2y), 0 ≤ y ≤ 12 ,
γ′(x, 3− 4y), 12 ≤ y ≤
3
4 ,
e, 34 ≤ y ≤ 1.
(33)
Then σ + γ′ is boundary-preserving homotopic to
(σ′ + γ′′′)(x, y) =

β′(x, 2y), 0 ≤ y ≤ 12 ,
γ′(x, 3− 4y), 12 ≤ y ≤
3
4 ,
γ′(x, 4y − 3), 34 ≤ y ≤ 1.
(34)
We define a homotopy F : [0, 1]n × [0, 1] by
F (x, y, t) =

β′(x, 2y), 0 ≤ y ≤ 12 ,
γ′(x, 1 + t(2− 4y)), 12 ≤ y ≤
3
4 ,
γ′(x, 1 + t(4y − 4), 34 ≤ y ≤ 1.
(35)
Then F (x, y, t) is a boundary preserving homotopy from σ′ + γ′′′ to
F (x, y, 0) =
{
β′(x, 2y), 0 ≤ y ≤ 12 ,
τ(x), 12 ≤ y ≤ 1,
which in turn is boundary preserving homotopic to β′. Thus we are done.
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Proposition 3.12. Suppose X is path connected and admits a countable triangulation. Then
Θ is a weak equivalence.
Proof: By [DT58, Satz 6.10 III], Ξ ◦Θ is a weak equivalence, so
πi
(
Sin
(
SP(X, x0)
))
→ πi
(
Sin
(
SP(X, x0)
)+)
(36)
is injective for any i. Since SP(X, x0) is a topological abelian monoid and is path connected,
(36) is also surjective by proposition 3.11.
Proposition 3.13. Suppose X is path connected. Then Υ+ is a Kan fibration, and there is
a fiber sequence of Kan pairs
(Z, 0)→
(
Sin
( ∞∐
j=0
Sj(X)
)+
, 0
)
→
(
Sin
(
SP(X, x0)
)+
, 0
)
, (37)
where Z is, by an abuse of notation, the simplical abelian group generated by Z, which is
isomorphic to Sin(Z) if we view Z as a discrete topological group.
Proof: Suppose β0, ..., βk−1, βk+1, ..., βn+1 ∈ Hom(∆
n,
∐∞
j=0 S
j(X))+ satisfying
∂iβj = ∂j−1βi, for i < j, i 6= k, j 6= k, (38)
and α ∈ Hom(∆n+1,SP(X, x0))
+ such that
∂iα = Υ
+(βi), for i 6= k. (39)
Let βi = βi,1 − βi,2, where βi,1 ∈ Hom(∆
n, Sji,1(X)), βi,2 ∈ Hom(∆
n, Sji,2(X)), for 0 ≤
i ≤ n + 1, i 6= k. Then (38) implies that ji,1 − ji,2 are equal for all 0 ≤ i ≤ n + 1,
i 6= k. We denote this common integer ji,1 − ji,2 by t. Suppose α = α1 − α2, where
α1, α2 ∈ Hom(∆
n+1,SP(X, x0)). Since ∆
n+1 is compact, there exists m ∈ N such that αi
factors as
∆
n+1 α˜i−→ Sm(X) →֒ SP(X, x0)
for i = 1, 2. Let β˜ = α˜1 − α˜2 ∈ Hom(∆n, S
m(X))+. By (39), one has
∂iβ˜ + (∆
n → |t|x0) = βi
or
∂iβ˜ = βi +
(
∆
n → (−|t|)x0
)
,
depending on t is positive or negative. We set β = β˜+(∆n+1 → |t|x0) or β = β˜−
(
∆
n+1 →
(−|t|)x0
)
respectively. Then β ∈ Hom(∆n+1,
∐∞
j=0 S
j(X))+ and ∂iβ = βi for i 6= k, and
Υ+(β) = α. This proves the first statement.
Taking βi = 0 for 0 ≤ i ≤ n + 1, i 6= k, and α = 0, in the above proof, we obtain that
the preimage Υ+ consists of the classes represented by the constant maps ∆n → 0 = S0(X).
So we have the fiber sequence (37).
Corollary 3.14. Let X be the underlying space of a countable simplicial complex. Then
there are natural isomorphisms
πi
(
Sin
( ∞∐
j=0
Sj(X)
)+
, 0
)
∼= H
sing
i (X,Z). (40)
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Proof: Without loss of generality we can assume that X is path connected. The fiber
sequence (37) induces a long exact sequence of homotopy groups
...→ πi(Z, 0)→ πi
(
Sin
( ∞∐
j=0
Sj(X)
)+
, 0
)
→ πi
((
SP(X, x0)
)+
, 0
)
→ πi−1(Z, 0)→ ...
Since πi(Z, 0) = 0 for i > 0 and π0(Z, 0) = Z, by (3.9), it suffices to show that the connecting
homomorphism
∂♯ : π1
((
SP(X, x0)
)+
, 0
)
→ π0(Z, 0) (41)
is zero. Let α ∈ Hom(∆1,SP(X, x0))
+ such that ∂0α = ∂1α = 0. By the construction of ∂♯
[May67, p. 27], we need to find β ∈
(
Hom(∆1,
∐∞
j=0 S
j(X))+, 0
)
such that Υ+(β) = α and
∂1β = 0, then ∂0β = ∂♯α. Suppose α = α1 − α2, where α1, α2 ∈ Hom(∆
1,SP(X, x0)). By
the argument as the proof of proposition 3.13, we can find α˜1, α˜2 ∈ Hom(∆
1,Sm(X)) such
that Υ+(α˜1 − α˜2) = α1 − α2. Let β = α˜1 − α˜2, then ∂0β = ∂1β = 0, hence ∂♯α = 0.
Using corollary 3.14, the following theorem was shown in the proof of [SV96, theorem
8.3].
Theorem 3.15. For every X ∈ Sch/C and every n ∈ Z, the homomorphism of complexes
K(Hom(∆•,
∞∐
j=0
Sj(X))+)→ K(Sin•(
∞∐
i=0
Si(X(C)))+)
becomes a quasi-isomorphism after applying ⊗LZ/n.
For the reader’s convenience we sketch the proof of [SV96, theorem 8.3] at here. In loc.
cit, a commutative diagram is constructed:
j∗
(
C∗(Z)
)
//

j∗(F∗)
∼

j∗(M+)oo M+top
=

C∗(Ftop) //
(
(Ftop)∗
)∼
(Ftop)
∼oo oo M+top.
By [SV96, theorem 7.6], applying Ext( · ,Z/n) to the upper row one obtain quasi-isomorphisms.
These quasi-isomorphisms follow from the rigidity theorem [SV96, theorem 4.4]. Similarly
the lower row are quasi-isomorphisms, by lemma 3.16. Then the conclusion follows.
Lemma 3.16. Let F be a homotopy invariant presheaf on the category TriTop of triangu-
lable topological spaces (i.e., the topological spaces which are underlying spaces of simplicial
complexes). Then for any X ∈ TriTop and a point x ∈ X,
Fx = F (pt).
Proof: Since X ∈ TriTop is locally homotopy equivalent to a point, the conclusion
follows from the homotopy invariance of F .
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3.3 Mildness of Suslin homology over an algebraically closed subfield of
C
Now we are ready to show the mildness of Suslin homology groups for schemes over an
algebraically closed subfield of C, and the lifting properties (M1), (M2) for the homomor-
phisms.
Theorem 3.17. Let k be an algebraically closed subfield of C, X a separated scheme of
finite type over k. Then HSi (X,Z) are mild for i ≥ 0, and
(i) s(HSi−1(X,Z)) + r(H
S
i (X,Z)) = rQl(H
i
e´t(X,Qℓ)), where rQℓ means the rank of a Qℓ-
vector space.
(ii) There are canonical isomorphisms
HSi (X,Z)tor
∼=
⊕
ℓ
H i+1e´t (X,Zℓ)tor.
(iii) Let Y be a separated scheme of finite type over k, f : X → Y a morphism of k-
schemes. Then the induced homomorphism f∗ : H
S
i (X,Z) → H
S
i (Y,Z) satisfies the
condition (M1).
(iv) Let g : X → X be a k-morphissm. Then the induced endomorphism g∗ : H
S
i (X,Z)→
HSi (X,Z) satisfies the condition (M2).
Proof: When k = C, there is a natural embedding of cosimplicial spaces ∆•top →֒ ∆
•(C),
which induces the bottom arrow in the following diagram
K(C•(X))
Φ // K(Z(Sin•(X(C)))

K(Hom(∆•,
∐∞
j=0 S
j(X))+) // K(Sin•(
∐∞
i=0 S
i(X(C)))+).
(42)
The left identification is induced by (26). The right arrow is a free resolution by Dold-
Thom. The complexes K(C•(X)) and K(Z(Sin•(X(C))) are complexes of free abelian
groups, therefore there exists a lifting making the diagram commutative. We choose such
a lifting and denote it by Φ. Apply proposition 2.14 to Φ. By theorem 3.15 Φ ⊗ Z/n are
isomorphisms for all n ∈ Z, hence we obtain the mildness of HSi (X,Z) for k = C.
For a subfield k of C, there is a natural homomorphism Ψ : K(C•(X))→ K(C•(X×kC)).
If k is algebraically closed, by [SV96, theorem 7.8], there is a commutative diagram
H iS(X,Z/n)
∼=

// H iS(X ×k C,Z/n)
∼=

H ie´t(X,Z/n)
// H iS(X ×k C,Z/n)
where both vertical arrows are isomorphisms. Since the bottom arrow is also an isomorphism
by the smooth base change theorem, so is the top arrow. Then by corollary 2.19, Ψ⊗ Z/n
are isomorphisms for all n ∈ Z. Now applying proposition 2.14 to the composition
K(C•(X))
Ψ
−→ K(C•(X ×k C))
Φ
−→ K(Z(Sin•(X(C)))
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we obtain the mildness of HSi (X,Z). Part (ii) follows from the universal coefficient theorem
(20) and the comparison theorem on e´tale cohomology and singular cohomology [SGA4,
XVI, 4.1]. Parts (iii) and (iv) follow from proposition 2.15 and 2.16.
4 Application of a rigidity theorem
In theorem 3.17 we assume that the base field can be imbedded into C. In this section we
are going to remove this restriction, using the Lefschetz principle. For this we need to know
how the Suslin homology changes under an algebraically closed extension of the base field.
A theorem of this type for Gillet’s Chow groups appeared in [Lec86], and Jannsen [Jan15]
put it into a general framework. We begin by recalling a rigidity theorem of Jannsen.
4.1 A rigidigy theorem of Jannsen
Let k be a field. Denote by Sk the category such that
ob(Sk) = {X : X is a k-scheme and there exists a field extension K of k
such that X is isomorphic to a K-scheme of finite type},
and for X,Y ∈ ob(Sk),
HomSk(X,Y ) = the set of morphisms from X to Y as k-schemes.
Note that fiber products in Sk do not always exist, but a morphism f : X → Y in Sk of
finite type is quarrable, i.e. the fiber product X×Y Z exists in Sk for any morphism Z → Y
in Sk, and in fact it coincides with their fiber product in the category of all schemes.
We recall the definition of rigid functors on Sk introduced in [Jan15, definition 1.1], with
some slight modifications.
Definition 4.1. A contravariant functor V on Sk with values in the category of abelian
groups is called rigid if it satisfies the following axioms:
(a) For any finite flat morphism π : X → Y in Sk there is a transfer morphism π∗ :
V (X)→ V (Y ) such that for another finite flat morphism ρ : Y → Z, (ρ◦π)∗ = ρ∗◦π∗.
(b) For a cartesian diagram of schemes in Sk
X ′
f ′ //
π′

X
π

Y ′
f // Y
with π finite and flat, one has f∗π∗ = π
′
∗f
′∗ : V (X)→ V (Y ′).
(c) If X = X1
∐
X2, the immersions πi : Xi →֒ X for i = 1, 2 induce an isomorphism
(π∗1 , π
∗
2) : V (X)
∼
−→ V (X1)⊕ V (X2)
with inverse π1∗ + π2∗.
20
(d) If Xm = X ×Z Spec(Z[T ]/(T
m)), then for the morphism π : Xm → X one has π
∗π∗ =
multiplication by m.
(e) The projection p : A1X → X induces an isomorphism p
∗ : V (X)
∼
−→ V (A1X).
(f) For a filtered projective system of regular schemes (Xi)i∈I in Sk with affine transition
morphisms Xi → Xj , the canonical map
lim−→
i∈I
V (Xi)→ V (lim←−
i∈I
Xi) (43)
is an isomorphism, provided that lim
←−i∈I
Xi exists in Sk and is a regular scheme.
Theorem 4.2. Suppose k is an algebraically closed field. Let K be an algebraically closed
field containing k, and n an integer. Let V be a rigid functor on Sk.
(i) The canonical maps
V (X)[n]→ V (XK)[n], V (X)/n→ V (XK)/n
are isomorphisms.
(ii) Let X be a scheme separated of finite type over k. Then the canonical map V (X) →
V (XK) sends torsion free elements to torsion free elements.
Proof: (i) is a special case of [Jan15, theorem 1.2]. For (ii), let X be a scheme separated
of finite type over L, where L is an extension field of k, and let α be a torsion free element of
V (X). Suppose α maps to an n-torsion element in V (XK). By the axiom (f), there exists
a scheme Y separated of finite type over k, such that α maps to an n-torsion element in
V (X ×k Y ). But Y has a k-point, so X ×k Y → X has a section, which implies that α is
n-torsion, a contradiction.
Remark 4.3. (i) In [Jan15, definition 1.1] a rigid functor is defined on a category of
schemes with flat morphisms. But the statement of [Jan15, theorem 1.2] and its
proof need also at least pullbacks by regular embeddings of regular points, and the
axiom (b) is applied in the case where f and f ′ are this sort of morphisms. So I believe
a correct definition of a rigid functor is on a category admitting these morphisms, such
as Sk.
(ii) In the axiom (f) we assume that (43) holds only when the projective limit on the
right-handside exists, i.e., we do not assume that this limit always exists. This is
sufficient for the proof of [Jan15, theorem 1.2]. In fact, in that proof, this limit is
always taken to be a field.
(iii) In the axiom (f) we assume that Xi are regular for all i ∈ I. This is satisfied in the
proof of [Jan15, theorem 1.2] where axiom (f) is used.
(iv) The assumption in [Jan15, theorem 1.2] that V (Y ) are n-torsion groups is redundant.
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4.2 Rigidity and mildness of Suslin homology
Let k be a field. We will define a naive bivariant cohomology theory on Sk, for Y ∈ Sk, X
a scheme separated of finite type over k:
Br,i(Y,X) = H
−i
(
C•
(
cequi(X, r)
)
(Y )
)
,
where
Ci
(
cequi(X, r)
)
(Y ) = cequi(X ×k Y ×k ∆
i
k/Y ×k ∆
i
k, r).
The following lemma follows immediately from the definition.
Lemma 4.4. Let k →֒ K be a field extension, and π : Y → Spec(K) a k-morphism of finite
type. Then
Br,i(Y,X) ∼= H
−i
(
C•
(
cequi(XK , r)(Y )
))
,
where
Ci
(
cequi(XK , r)
)
(Y ) = cequi(XK ×K Y ×K ∆
i
K/Y ×K ∆
i
K , r).
In particular, for any scheme X of finite type over k,
B0,i(Spec(K),X) ∼= H
S
i (XK ,Z) (44)
where the right-handside is the Suslin homology of the K-scheme XK .
Proposition 4.5. Let k be an algebraically closed field of characteristic 0. The groups
Br,i(Y,X) are contravariant functorial in Y , covariant functorial in X, and contravariant
functorial in X with respect to proper flat equidimensional morphisms. Moreover, for any
X of finite type over k, B0,i( · ,X) is a rigid functor on Sk.
Proof: By [Kel13, proposition 2.5.8], cequi(X, 0)(−) is a presheaf with traces ([Kel13,
definition 3.3.1]). Thus B0,i satisfies the properties (a)-(d) of definition 4.1. Properties (e)
follows from [FV00, lemma 4.1]. To show the property (f), we need only to show that for a
filtered projective system of regular schemes (Yi)i∈I in Sk with affine transition morphisms
Yi → Yj such that Y = lim←−i∈I
Yi is a regular scheme in Sk, we have isomorphisms for n ≥ 0:
lim
−→
i∈I
Cn
(
cequi(X, 0)
)
(Yi)
∼
−→ Cn
(
cequi(X, 0)
)
(Y ). (45)
By proposition 3.2 (ii) and theorem 3.6, we have
Ceffn
(
cequi(X, 0)
)
(Yi) ∼= Hom(Yi ×k ∆
n
k ,
∞∐
j=0
Sj(X)),
and
Ceffn
(
cequi(X, 0)
)
(Y ) ∼= Hom(Y ×k ∆
n
k ,
∞∐
j=0
Sj(X)).
Since Y is noetherian, an element of Hom(Y ×k ∆
n
k ,
∐∞
j=0 S
j(X)) in fact lies in Hom(Y ×k
∆nk ,
∐m
j=0 S
j(X)) for some m > 0. But
∐m
j=0 S
j(X) is an algebraic space of finite type over
k, so
lim−→
i∈I
Hom(Yi ×k ∆
n
k ,
m∐
j=0
Sj(X)) ∼= Hom(Y ×k ∆
n
k ,
m∐
j=0
Sj(X)),
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and (45) follows.
So we can apply theorem 4.2 to the functor B0,i(−,X), and by (44) we obtain:
Corollary 4.6. Let K and L be algebraically closed fields of characteristic 0, and ι : K → L
an imbedding. Let X be scheme separated and of finite type over K. Then the natural map
ϕ : HSi (X,Z)→ H
S
i (XL,Z) induces isomorphisms
HSi (X,Z)[n]→ H
S
i (XL,Z)[n], H
S
i (X,Z)/n→ H
S
i (XL,Z)/n,
and for any torsion free element α ∈ HSi (X,Z), ϕ(α) is torsion free.
Now we are ready to show the main theorems of this paper.
Theorem 4.7. Let k be an algebraically closed field of characteristic 0, X a separated
scheme of finite type over k. Then HSi (X,Z) is mild, and
(i) s(HSi−1(X,Z)) + r(H
S
i (X,Z)) = rQl(H
i
e´t(X,Qℓ)), where rQℓ means the rank of a Qℓ-
vector space.
(ii) There are canonical isomorphisms
HSi (X,Z)tor
∼=
⊕
ℓ
H i+1e´t (X,Zℓ)tor.
Proof: Fix X, a separated scheme of finite type over k. Let J be the category such that
the set of objects consists of all the pairs (Y → Spec(K), f : Y ×K k → X), where K is
an algebraically closed subfield of k with trdeg(K/Q) < +∞, Y → Spec(K) a separated
morphism of finite type, and f an isomorphism of k-schemes, and
HomJ
(
(Y1 → Spec(K1), f1 : Y1 ×K1 k→ X), (Y2 → Spec(K2), f2 : Y2 ×K2 k→ X)
)
=
{
∅, if K1 6⊂ K2,
{g : Y1 ×K1 K2
∼
−→ Y2|f2 ◦ (g ×K2 k) = f1}, if K1 ⊂ K2.
By the Lefschetz principle, the category J is filtered.
A morphsim g as above induces a homomorphism
HSi (Y1,Z)→ H
S
i (Y2,Z),
where the left-handside is the Suslin homology of the K1-scheme Y1, and the right-handside
is that of theK2-scheme Y2. By the Lefschetz principle again we have a natural isomorphism
lim−→
J
HSi (Yj ,Z)
∼
−→ HSi (X,Z). (46)
By theorem 3.17, applying proposition 2.11, we are done.
Theorem 4.8. Let k be an algebraically closed field of characteristic 0, X,Y separated
schemes of finite type over k.
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(i) For a morphism of k-schemes f : X → Y , the induced homomorphism f∗ : H
S
i (X,Z)→
HSi (Y,Z) of mild abelian groups satisfies the condition (M1).
(ii) For a morphism of k-schemes f : X → X, the induced endomorphism f∗ : H
S
i (X,Z)→
HSi (X,Z) of mild abelian groups satisfies the condition (M2).
Proof: (i) follows from theorem 3.17 (iii) and proposition 2.12, and (ii) follows from
theorem 3.17 (iv) and proposition 2.13.
5 Further problems
In this section we make two conjectures on the generalizations of theorems 4.7 and 4.8.
5.1 Correspondence homomorphisms of Suslin homology
Let k be an algebraically closed field of characteristic 0, and X,Y ∈ Sch/k. Let X ×k Y →
X
p
−→ Spec(k) be the obvious projections. By [SV00, 3.6.3, 3.7.5], there is a correspondence
homomorphism of presheaves
p∗(cequi(X ×k Y/X, 0)) ⊗ cequi(X/Spec(k), 0)→ cequi(X ×k Y/Spec(k), 0)
and a pushforward homomorphism of presheaves
cequi(X ×k Y/Spec(k), 0)→ cequi(Y/Spec(k), 0).
Since p∗(cequi(X×kY/X, 0))(∆
i) = cequi(X×kY ×k∆
i/X×k∆
i, 0)), every face map ∆i−1 →֒
∆i induces a commutative diagram
cequi(X × Y × ∆
i/X ⊗ ∆i, 0) ⊗ cequi(X ×∆
i/∆i, 0) //

cequi(X × Y ×∆
i/∆i, 0) //

cequi(Y ×∆
i/∆i, 0)

cequi(X × Y ×∆
i−1/X ⊗∆i−1, 0) ⊗ cequi(X ×∆
i−1/∆i−1, 0) // cequi(X × Y ×∆i−1/∆i−1, 0) // cequi(Y ×∆i−1/∆i−1, 0)
which induce a correspondence homomorphism
cequi(X × Y/X, 0) ⊗H
S
i (X,Z)→ H
S
i (Y,Z). (47)
For α ∈ cequi(X × Y/X, 0), we denote by trα the homomorphism H
S
i (X,Z) → H
S
i (Y,Z)
induced by α. The following conjecture is to generalize theorem 4.8 to the homomorphisms
induced by any correspondence, not necessarily the ones induced by morphisms.
Conjecture 5.1. (i) For any α ∈ cequi(X × Y/X, 0), trα satisfies (M1).
(ii) For any α ∈ cequi(X ×X/X, 0), trα satisfies (M2).
5.2 In positive characteristic
Let k be an algebraically closed field of positive characteristic p.
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Conjecture 5.2. Let X be a scheme separated of finite type over k. Then
HSi (X,Z[
1
p
]) ∼= V ⊕
⊕
ℓ 6=p
(Qp/Zp)
si,ℓ ⊕ Z[
1
p
]⊕ri ⊕ T
where V is a uniquely divisible group, and T =
⊕
ℓ 6=pH
i+1
e´t (X,Zℓ)tor, and
si−1,ℓ + ri = bi,ℓ(X) = rank(H
i
e´t(X,Zℓ)).
This conjecture implies that H iS(X,Z/n)
∼= H ie´t(X,Z/n), which is shown in [SV96].
Furthermore we conjecture that si,ℓ is independent of ℓ. It is interesting to ask whether
theorem 4.8 and even conjecture 5.1 hold in positive characteristic. In general there is no
simultaneous choice of W in definition 2.5 such that all the endomorphisms f induced by
self-morphisms of X lift to f˜ , by Serre’s counterexample [SGA4, expose´ IX].
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